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Abstract
Spontaneous symmetry breaking of the light-front Gross-Neveu model is stud-
ied in the framework of the discretized light-cone quantization. Introducing a
scalar auxiliary field and adding its kinetic term, we obtain a constraint on the
longitudinal zero mode of the scalar field. This zero-mode constraint is solved
by using the 1/N expansion. In the leading order, we find a nontrivial solution
which gives the fermion nonzero mass and thus breaks the discrete symmetry of
the model. It is essential for obtaining the nontrivial solution to treat adequately
an infrared divergence which appears in the continuum limit. We also discuss the
constituent picture of the model. The Fock vacuum is trivial and an eigenstate
of the light-cone Hamiltonian. In the large N limit, the Hamiltonian consists of
the kinetic term of the fermion with dressed mass and the interaction term of
these fermions.
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1 Introduction
One of the most important problems in QCD is to calculate the mass spectrum of
hadrons, but this is a very difficult task due to, for example, the nonperturbative prop-
erties of the QCD vacuum such as quark confinement and chiral symmetry breaking.
On the other hand, we know that the constituent quark model is a good phenomeno-
logical model and that it succeeds to some extent in obtaining the hadron spectrum.
The constituent quark model provides us with a very simple and intuitive picture of
hadron structure that they are composed of a few constituent quarks with relatively
large masses (∼ O(102MeV) for u, d and s quarks) in a confining potential with a
trivial vacuum.
In the light-cone (LC) quantized field theory [1, 2], the vacuum state is trivial (if
we simply ignore the longitudinal zero modes), and the lower excitation can be approx-
imated by the Fock states with small particle number. For example, if we apply the LC
formalism to QCD, a mesonic state will be approximated as |meson〉 ∼ |qq¯〉+ |qq¯ , qq¯〉.
Indeed, in the 1+1 dimensional QCD on the LC, the ground state of a meson is repre-
sented by a single quark-antiquark pair quite well [3]. Therefore, the LC quantization
is a promising method to bridge a gap between QCD and the constituent quark model
[4].
Although the LC quantization has such attractive features, there arises a ques-
tion concerning the vacuum of QCD. In the equal-time quantization formalism, the
nonperturbative properties such as the spontaneous chiral symmetry breaking and the
quark confinement are attributed to the vacuum physics. The vacuum in the equal-
time formalism is very complicated and difficult to determine. How can we explain
such complexity of the QCD vacuum in the light-cone quantized QCD ? In order to
give answers to this question, many studies have been done using simple models such
as the φ4 theory in 1 + 1 dimensions [5, 6, 7], O(N) φ4 model [8] or the Gross-Neveu
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model [9, 10, 11, 12, 13]. These models are known to exhibit spontaneous symmetry
breaking in the equal-time formulation.
From these studies, it has been revealed that the longitudinal zero mode (simply re-
ferred to as the ’zero mode’) of the field operator plays an important role in realizing the
spontaneous symmetry breaking with the trivial vacuum state. In the discretized light-
cone quantization (DLCQ) [14], the momentum is discretized so that the zero mode
can be treated clearly. Because the scalar zero mode satisfies the so-called “zero-mode
constraint,” it is not an independent variable and is represented by other oscillation
modes [15]. If the zero-mode constraint possesses a solution whose vacuum expectation
value does not vanish, such a solution leads us to the broken phase of the symmetry. In
addition to the constrained zero mode, there is another type of zero mode which lives
in the gauge field and is called the “dynamical zero mode” [16]. This zero mode, that
is an independent physical variable, is also expected to give rise to rich structure of the
vacuum.
In this paper, we consider the light-front Gross-Neveu model in order to understand
how the spontaneous symmetry breaking occurs in DLCQ and to study the constituent
picture of the model. The reason why we choose the Gross-Neveu model [17] is that it
has many common properties with QCD, such as spontaneous chiral symmetry break-
ing, asymptotic freedom, and the 1/N expansion. Furthermore, in the Gross-Neveu
model, fermions dynamically obtain a nonzero mass σ 6= 0 and form a bound state ψ¯ψ
with mass 2σ in the large N limit. We particularly pay attention to problems of how
the spontaneous chiral symmetry breaking is realized and how the zero mode affects
the Hamiltonian in DLCQ.
The light-front Gross-Neveu model has been considered in several works in various
approaches [9, 10, 11, 12, 13]. In a previous work [13] by one of the authors, an auxiliary
scalar field was introduced and the fermion (we shall call it quark) fields were integrated
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over. The zero mode of the auxiliary field was found to play a significant role for the
spontaneous symmetry breaking. Although this approach makes the theory simple, it
is apparently not suitable for the investigation of the constituent quark picture. Thus,
we treat the model without integrating the fermion fields.
In addition, it is convenient to introduce a kinetic term in the auxiliary field. Then
the system becomes similar to the Yukawa model, and we recover the Gross-Neveu
model by taking the limit µ → ∞, where µ is a parameter in the coefficient of the
kinetic term. In this sense, we call this the “generalized” Gross-Neveu model [11, 18].
Introduction of the auxiliary field and its kinetic term makes the analysis tractable.
The Gross-Neveu model displays some peculiar properties on the LC, which are char-
acteristic of the four-Fermi theories. For example, the constraint on the nondynamical
component of the fermion becomes nonlinear, and it is very difficult to solve. Also,
there is a problem in defining a classical Hamiltonian [11]. While these are obsta-
cles for the analysis of the light-front Gross-Neveu model, the generalized Gross-Neveu
model avoids these points.
In §2, we define the generalized Gross-Neveu model and quantize the model follow-
ing Dirac’s method for constrained systems [19]. This model is a 1+1 dimensional field
theory of a scalar field φ(x) and an N -component fermion ψa(x) interacting with each
other via the Yukawa interaction. From a canonical argument, we find a zero mode
constraint for the scalar field. This constraint implies that the zero mode of the scalar
φ(x) should be expressed by fermion’s oscillation modes.
In §3, the zero-mode constraint is solved using the 1/N expansion. It is shown
that in the leading order of the 1/N expansion, the zero mode of φ(x) has a solution
whose vacuum expectation value is not zero (〈0|φ(x)|0〉 = σ 6= 0). If we choose the
nontrivial solution, the discrete chiral symmetry is broken. For the sake of obtaining a
nonzero value of σ, we must take the continuum limit L→∞ very carefully. We use a
3
damping factor to avoid the infrared divergence which emerges in the continuum limit,
and consider its physical meaning.
In §4, the light-cone Hamiltonian is considered. It is shown that the vacuum state is
an eigenstate of both the light-cone momentum P+ and the light-cone Hamiltonian P−
even in the case of spontaneous symmetry breaking. In the large N limit, the obtained
light-cone Hamiltonian of the Gross-Neveu model has two terms. The first is the kinetic
term of the fermion with mass σ, which is the solution of the zero-mode constraint to
leading order. Therefore the excited state of the fermion has a mass gap σ. The second
is the interaction term of these massive fermions, which is written using the remaining
operator part of the zero mode determined from the zero-mode constraint. Because we
know the mass of the bound state ψ¯ψ is 2σ in the Gross-Neveu model, it is natural to
call the fermion’s excited state with mass σ the “constituent quark.” A conclusion is
given in the final section.
2 The model and its quantization
2.1 The generalized Gross-Neveu model
The Gross-Neveu model [17] is a 1 + 1 dimensional model defined by
LGN =
∑
a
ψ¯a i/∂ ψa +
λ0
2N
(∑
a
ψ¯aψa
)2
, (a = 1, 2, ..., N) (1)
where ψa ≡ ( ψaR , ψaL ) is an N -component massless fermion. Instead of the Gross-
Neveu model, it is convenient to treat the following 1 + 1 dimensional model with the
Yukawa interaction [11, 18]
L =
N∑
a=1
ψ¯a i/∂ ψa +
N
2µ2
(∂µφ)(∂
µφ)− N
2λ0
φ2 −
N∑
a=1
φ ψ¯aψa, (2)
where φ is a boson with mass µ/
√
λ0. Both of the lagrangian densities have the
discrete chiral symmetry ( ψa → γ5 ψa, φ → −φ ) and a global U(N) symmetry
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ψa → Uab ψb (U ∈ U(N)). From tha calculation of the effective potential to leading
order in 1/N , it was shown that the discrete chiral symmetry is broken spontaneously
in the large N limit [17, 18]. The Yukawa-like model Eq. (2) can be reduced to the
Gross-Neveu model in the limit µ→∞. Therefore, we shall call this the “generalized”
Gross-Neveu model in this paper.
The notation we use is as follows. The light-cone time is x+ ≡ x0+x1, the light-cone
space coordinate is x− ≡ x0−x1, and the derivatives are ∂+ ≡ ∂/∂x+ and ∂− ≡ ∂/∂x−.
The γ -matrices are γ0 = σ1 and γ1 = −iσ2, and we also define γ+ ≡ γ0 + γ1 and
γ− ≡ γ0 − γ1. Then we have γµ∂µ = γ0∂0 + γ1∂1 = γ+∂+ + γ−∂−.
In DLCQ [14], the fields are put in a “box” −L ≤ x− ≤ L. The boson φ(x) and the
fermion field ψa(x) are taken to satisfy periodic and antiperiodic boundary conditions,
respectively:
φ(x+, x− = −L ) = φ(x+, x− = L ), (3)
ψa(x+, x− = −L ) = −ψa(x+, x− = L ). (4)
Let us write the boson field φ(x) as the sum of the zero-mode part φ0(x
+),
φ0(x
+) ≡ 1
2L
∫ L
−L
dx−φ(x+, x− ), (5)
and the remaining oscillation part ϕ(x+, x− ):
φ(x+, x− ) = φ0(x
+ ) + ϕ(x+, x− ). (6)
We treat the zero mode separately from the nonzero modes. Note that the fermion
field does not contain the zero mode because of the antiperiodic boundary condition.
2.2 Canonical quantization
Now let us quantize the generalized Gross-Neveu model using Dirac’s method [19] for
constrained systems. Having the (2N + 2) canonical variables ( φ0, ϕ, ψ
a
R , ψ
a
L ) ≡ Φ,
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we can calculate their conjugate momenta ΠΦ through the lagrangian defined by L ≡
(1/2)
∫ L
−L dx
−L ,
Πφ0 ≡
δL
δφ˙0
= 0 , (7)
Πϕ ≡ δL
δϕ˙
=
N
µ2
∂−ϕ , (8)
ΠaψR ≡
δL
δψ˙aR
= iψa†R , (9)
ΠaψL ≡
δL
δψ˙aL
= 0 , (a = 1, 2, . . . , N) (10)
where φ˙0 is the velocity ∂+φ0 , and so on.
As is often the case with the quantization of fermions, we do not regard Eq. (9) as
a constraint. Then we have (N + 2) primary constraints θj ≈ 0 ( j = 1, 2, . . . , N + 2 )
[5, 15],
θ1 ≡ Πϕ − N
µ2
∂−ϕ ≈ 0 , (11)
θ2 ≡ Πφ0 ≈ 0 , (12)
θa+2 ≡ ΠaψL ≈ 0 . (a = 1, 2, . . . , N) (13)
Since we treat the longitudinal zero mode explicitly, we work with the following canon-
ical Hamiltonian:
Hc =
∫ L
−L
dx−
∑
Φ
ΠΦΦ˙− L . (14)
The non-vanishing Poisson brackets are [5, 15]
{ φ0(x+) , Πφ0(x+) }PB =
1
2L
, (15)
{ ϕ(x) , Πϕ(y) }PBx+=y+ = δ( x− − y− )−
1
2L
, (16)
{ ψaR(x) , ΠbψR(y) }PBx+=y+ = δabδ( x− − y− ) , (17)
{ ψaL(x) , ΠbψL(y) }PBx+=y+ = δabδ( x− − y− ) . (18)
If we introduce the total Hamiltonian H ,
H = Hc +
N+2∑
j=1
∫ L
−L
dx− uj θj
6
=
1
2
∫ L
−L
dx−
[
N
2λ0
(φ20 + ϕ
2)− 2i∑
a
ψa†L ∂−ψ
a
L
+(φ0 + ϕ)
∑
a
( ψa†R ψ
a
L + ψ
a†
L ψ
a
R )
]
+
N+2∑
j=1
∫ L
−L
dx− uj θj , (19)
where uj are the Lagrange multipliers, the time development of any function F is
given by F˙ ≈ { F , H }PB . The consistency condition θ˙1 ≈ 0 merely determines
the coefficient u1 , whereas the condition θ˙2 ≈ 0 gives another constraint ( secondary
constraint ) θN+3 ,
θN+3 ≡ N
λ0
φ0 +
1
2L
∑
a
∫ L
−L
dx−( ψa†R ψ
a
L + ψ
a†
L ψ
a
R ) ≈ 0 . (20)
This constraint is also derived from longitudinal integration of the Euler-Lagrange
equation for φ(x).
Furthermore, the condition θ˙a+2 ≈ 0 generates the following constraints on
θN+3+a :
θN+3+a ≡ 2 i ∂−ψaL − (φ0 + ϕ) ψaR ≈ 0 . ( a = 1, 2, . . . , N ) (21)
This is equivalent to the Euler-Lagrange equation for ψL. The conditions θ˙N+3 ≈ 0 and
θ˙N+3+a ≈ 0 only determine the coefficients uj , and there no longer appears any
constraint. It is easily seen that the (2 +N) primary constraints ( θ1 , θ2 , θ2+a ( a =
1. . . . , N ) ) and the (1 +N) secondary constraints ( θN+3 , θN+3+a ( a = 1. . . . , N ) )
are all second-class.
From the constraint Eq. (20), the zero mode φ0 is expressed by the fermion fields
ψaR and ψ
a
L . However ψ
a
L itself can be written in terms of ψ
a
R , φ0 and ϕ by use of the
second-class constraint Eq. (21). This implies that the zero mode φ0 is not dynamical,
and is written using other dynamical fields, ψaR and ϕ. Therefore Eq. (20) essentially
corresponds to the zero-mode constraint on the scalar field. The φ0 is then called the
constrained zero mode, and it will be analyzed in detail in the next section.
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The Dirac bracket [19] is defined by
{ F , G }DB = { F , G }PB −∑
s,s′
{ F , θs }PB(M−1)ss′{ θs′ , G }PB . (22)
where Mss′ ≡ { θs , θs′ }PB ( s, s′ = 1, 2, . . . , 2N + 3 ) . After some calculations, we
obtain the Dirac brackets between the unconstrained variables,
{ ϕ(x) , ϕ(y) }DBx+=y+ =
µ2
N
1
2
{
−1
2
ǫ(x− − y−) + (x
− − y−)
2L
}
, (23)
{ ψaR(x) , iψb†R (y) }DBx+=y+ = δabδ( x− − y− ) . (24)
Since one can treat the second-class constraints θj ≈ 0 ( j = 1, 2, . . . , 2N + 3 ) as the
strong equations after adopting the Dirac brackets, the Hamiltonian Eq. (19) becomes
H =
1
2
∫ L
−L
dx−
[
N
2λ0
(φ20 + ϕ
2) + (φ0 + ϕ)
∑
a
ψa†R ψ
a
L
]
. (25)
Here we find the first merit of treating the generalized Gross-Neveu model. In the
Gross-Neveu model, the canonically obtained LC Hamiltonian becomes zero, and this
is one of the difficulties to be avoided. In the generalized Gross-Neveu model, however,
the Hamiltonian does not vanish as long as µ is finite.
In order to quantize the theory, the Dirac brackets are replaced by ( anti ) commu-
tation relations divided by i h¯ ( h¯ ≡ 1 ),
[ ϕ(x) , ϕ(y) ]x+=y+ =
µ2
N
i
2
{
−1
2
ǫ(x− − y−) + (x
− − y−)
2L
}
, (26)
{ ψaR(x) , ψb†R (y) }x+=y+ = δabδ( x− − y− ) . (27)
The second-class constraints θj ≈ 0 ( j = 1, 2, . . . , 2N +3 ) then become the equations
for field operators.
3 Solution to the zero-mode constraint and the dy-
namical mass generation
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3.1 Solving the constraints
First, the constraints θN+3+a = 0 ( a = 1, 2, . . . , N ), Eq. (21) are easily solved, yielding
ψaL(x
+, x−) =
1
2i
1
2
∫ L
−L
dy− ǫ(x− − y−){φ0(x+) + ϕ(x+, y−)} ψaR(x+, y−) , (28)
where we have discarded the constant of integration [14]. This is a desirable result
because in the Gross-Neveu model, the constraint on the nondynamical component of
the fermion is nonlinear and difficult to solve. Inclusion of the scalar field makes the
constraint easier to solve. This is the second motivation for us to treat the generalized
Gross-Neveu model.
Substituting Eq. (28) into Eq. (20), we obtain the zero-mode constraint. In passing
from a classical theory to a quantum theory, one must prescribe the ordering of the
field operators and the regularization. Since the zero-mode operator φ0 is a function
of ψaR , ψ
a†
R and ϕ , φ0 does not commute with these operators, and there arises the
problem of ordering. Here, we simply take a particular ordering of them. This problem
will be discussed elsewhere in similar models [20]. We take the following ordering in
the constraint relation:
φ0 =
λ0
N
i
4
1
2L
N∑
a=1
∫ L
−L
dx−
∫ L
−L
dy− ǫ(x− − y−)
×{φ0 + ϕ(y−)} ψa†R (x−)ψaR(y−) + h.c.
=
{
λ0
N
i
4
1
2L
N∑
a=1
∫ L
−L
dx−
∫ L
−L
dy− ǫ(x− − y−)φ0 ψa†R (x−)ψaR(y−) + h.c.
}
+
{
λ0
N
i
4
1
2L
N∑
a=1
∫ L
−L
dx−
∫ L
−L
dy− ǫ(x− − y−)ϕ(y−) ψa†R (x−)ψaR(y−) + h.c.
}
,
(29)
where h.c. represents the Hermitian conjugate. The constraint relation Eq. (29)
determines the zero mode φ0 , whose vacuum expectation value determines whether
the discrete chiral symmetry is broken or not.
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Here we expand the field ϕ(x) at x+ = 0 as a Fourier integral over plane waves to
obey the periodic boundary condition Eq. (3) ,
ϕ(0, x−) =
µ√
N
1√
4π
∞∑
n=1,2,...
1√
n
(
an e
−ik+n x
−/2 + a†n e
ik+n x
−/2
)
, (30)
where the discrete light-cone momentum k+n is
k+n =
2π
L
n . (31)
The fermion field ψaR(x) is also expanded at x
+ = 0, giving
ψaR(0, x
−) =
1√
2L
∞∑
n= 1
2
, 3
2
,...
(
b an e
−ik+n x
−/2 + d a†n e
ik+n x
−/2
)
, (32)
where n is a half-integer to satisfy the antiperiodic boundary condition Eq. (4) . The
(anti) commutation relations
[ an , a
†
m ] = δnm ,
{ b an , b b†m } = δabδnm , { d an , d b†m } = δabδnm , (33)
follow from Eqs. (26) and (27) . The vacuum state |0〉 is defined so as to satisfy
an|0〉 = 0, b an |0〉 = 0 and d an |0〉 = 0. The Fock space is constructed by operating the
creation operators a†n , b
a†
n and d
a†
n on |0〉 . Since all these quanta have the positive
light-cone momentum k+n > 0 , the state |0〉 is the only one which has zero light-cone
momentum k+ = 0 , and therefore the vacuum is trivial.
Before solving the zero-mode constraint Eq. (29) , we shall write the zero mode φ0
as a sum of the vacuum expectation value 〈0|φ0|0〉 ≡ σ and the remaining operator
part (φ0)oper ,
φ0 = 〈0|φ0|0〉+ (φ0)oper
= σ + (φ0)oper , (34)
where (φ0)oper is normal ordered with respect to the Fock vacuum |0〉. If we find a
solution such as σ 6= 0, the discrete chiral symmetry is broken spontaneously.
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Now, we show that the zero-mode constraint Eq. (29) does have a nontrivial solution
σ 6= 0 in the large N limit. Putting the mode expansion Eq. (32) into the first term of
the right-hand side of Eq. (29), and using the integral
i
4π
∫ pi
−pi
dξ
∫ pi
−pi
dξ′ ǫ(ξ − ξ′) e i(nξ+mξ′) = − 1
n
δn,−m , (35)
( n , m = . . . ,−3
2
, − 1
2
,
1
2
,
3
2
, . . . )
we find that the zero-mode constraint takes the
φ0 =

−
λ0
4π
1
N
∑
a
∞∑
n= 1
2
, 3
2
,...
φ0 (
△k+n
k+n
) ( b a†n b
a
n − d and a†n ) + h.c.


+
{
the term involving ϕ(y−)
}
, (36)
where k+n = 2πn/L is the light-cone momentum of the quanta b
a
n or d
a
n , and △k+n ≡
k+n+1 − k+n = 2π/L. The vacuum expectation value of Eq. (36) becomes
〈0|φ0|0〉 = −λ0
4π
1
N
∑
a
∞∑
n= 1
2
〈0| φ0 (△k
+
n
k+n
) ( b a†n b
a
n − d and a†n ) |0〉+ h.c.
=
λ0
2π
σ
∞∑
n= 1
2
△k+n
k+n
, (37)
where we have used 〈0|ϕ|0〉 = 0. Although this equation is obtained without taking
the 1/N expansion, this is due to our particular operator ordering. If we assumed a
different ordering, we would have to perform the 1/N expansion to obtain the same
result as Eq. (37). Since a nonzero solution σ 6= 0 corresponds to the fermion mass, we
use the dispersion relation
k−n =
σ2
k+n
. (38)
Now let us introduce the ultraviolet cutoff Λ′ to regulate the divergent sum
∑∞
n= 1
2
△k+n /k+n ,
k+n ≤
2π
L
(
R
2
)
≡ Λ′ , (39)
11
where R is a large odd number, and Λ′ is the ultraviolet cutoff parameter which has
dimensions of mass. Then we have
R/2∑
n= 1
2
△k+n
k+n
≃ log R
2
+ log 4eγ = logLΛ′ + log
2eγ
π
, (40)
where γ is Euler’s constant. Unfortunately, the summation has an infrared divergence
in the limit L→∞ in addition to the ultraviolet divergence [12]. This is because two
independent parameters L and Λ′ are introduced as
2π
L
(
1
2
)
≤ k+n ≤ Λ′ . (41)
Physical quantities should not depend on the artificial parameter L. ( The ultraviolet
cutoff Λ′ will be renormalized into the coupling constant. ) To avoid the infrared diver-
gence, Kojima et al. [12] introduced quantization surfaces interpolating between the
light-cone surface and the spatial surface, and defined physical quantities unambigu-
ously. They found that the procedure to avoid the infrared divergence is important to
reproduce the double well effective potential (spontaneous symmetry breaking) in the
light-front Gross-Neveu model.
Here, in order to avoid the infrared divergence in Eq. (40), we will introduce a
damping factor f(k+). Let us use the ultraviolet cutoff Λ′ in Eq. (39) to determine the
damping factor. The function f(k+) satisfies
lim
Λ′→∞
f(k+) = 1 (42)
and
f(k+) ≃
{
0 (k+ ≃ 0)
1 . (k+ ≃ Λ′) (43)
There will be many functions having the above properties; a simple one is of the heat-
kernel type,
f(k+) = e−k
−/Λ′ = e−σ
2/(Λ′k+) , (44)
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which effectively introduces an infrared cutoff k+ ∼ σ2/Λ′ depending on the fermion
mass σ.
With this damping factor, the summation in the large N limit
R/2∑
n= 1
2
△k+n
k+n
f(k+n ) =
R/2∑
n= 1
2
△k+n
k+n
e−σ
2/(Λ′k+n ) (45)
does not exhibit an infrared divergence, and we can take L→∞ :
R/2∑
n= 1
2
△k+n
k+n
e−σ
2/(Λ′k+n ) −→
∫ Λ′
0
dk+
1
k+
e−σ
2/(Λ′k+) = log
Λ′2
σ2
− γ +O( σ
2
Λ′2
). (46)
As we will see below, the integral
∫ Λ′
0 dk
+(1/k+)f(k+) corresponds to the loop inte-
gral of the fermion with mass σ in the equal-time quantization formalism. Therefore
it is natural for the term log Λ′2/σ2 to appear in Eq. (46) when the divergent sum
∑∞
n= 1
2
△k+n /k+n in DLCQ is regularized properly.
Another choice of the function f(k+) would give the same physical results. For
example, if we choose the damping factor f(k+) = k+/(k+ + σ2/Λ′) , the physical
results are the same as above.
Eventually, the zero-mode constraint Eq. (37) in the large N limit becomes
0 = σ
[
1
λ0
+
1
2π
{
log
σ2
Λ′2
+ γ
}]
= σ
[
1
λ0
+
1
2π
log
σ2
Λ2
]
, (47)
where Λ ≡ e−γ/2Λ′ . This is nothing but the gap equation. We define the renormaliza-
tion coupling constant λR(M) as
1
λR(M)
≡ 1
λ0
+
1
2π
log
M2
Λ2
+
1
π
, (48)
where M is a positive finite quantity corresponding to the renormalization point. By
use of λR , Eq. (47) is rewritten as
σ
[
1
λR(M)
+
1
2π
log(
σ2
M2
)− 1
π
]
= 0 . (49)
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This equation indeed has a nontrivial solution,
σ =Me(1−pi/λR) > 0 . (50)
Hence, the zero-mode constraint has the nontrivial solution σ = 〈0|φ0|0〉 > 0,
and therefore, the discrete chiral symmetry is broken spontaneously and the massless
fermion obtains mass σ dynamically. The fact that the nontrivial solution σ 6= 0 does
not depend on the parameter µ implies that the spontaneous chiral symmetry breaking
also occurs in the Gross-Neveu model. In deriving the nontrivial solution Eq. (50), it
is essential to treat the infrared divergence in Eq. (40) correctly in DLCQ.
There is one thing on which we should comment here. Certainly, we obtain a
nontrivial solution σ 6= 0, but Eq. (49) also has a trivial (symmetric) solution σ = 0.
The zero-mode constraint itself does not reveal which solution is realized in reality. For
this purpose, we must calculate the vacuum energy. This point is discussed in the next
section.
3.2 The physical meaning of the infrared regularization
Here we explain the physical meaning of our infrared regularization method (i.e., the
damping factor f(k+) ).
Before we explain the meaning of our infrared regularization method, it would be
a help if we knew the other derivation of Eq. (37), that is, the mean field approxima-
tion [21]. Possibly, this is the simplest way to understand the origin of the infrared
divergence in Eq. (37). In order to simplify, we consider the Gross-Neveu model Eq.
(1). Let us perform an approximation which linearizes the Euler-Lagrange equations:
2 i ∂+ψ
a
R = σ ψ
a
L , (51)
2 i ∂−ψ
a
L = σ ψ
a
R , (52)
where σ is the effective mass of the fermion. If we evaluate the mean field equation
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σ = −(λ0/N)〈0|ψ¯ψ|0〉 by using the above (massive) fermion, we find that it reproduces
Eq. (37),
σ = −λ0
N
〈0|ψ¯ψ|0〉
= −λ0
N
∑
a
〈0|ψa†R ψaL + ψa†L ψaR|0〉
=
λ0
2π
σ
∞∑
n=1/2
△k+n
k+n
. (53)
What has to be noted in this calculation is that the momentum sum came from just
the vacuum expectation value of ψ¯ψ :
〈0|ψ¯ψ|0〉 = σ
2π
∑
a
∑
n
(△k+n
k+n
)
〈0|(ba†n ban − danda†n )|0〉
= −N
2π
σ
∑
n
△k+n
k+n
−→ −N
2π
σ
∫ ∞
0
dk+
k+
. (54)
This observation provides an understanding of the meaning of our infrared regulariza-
tion scheme.
We introduced the infrared cutoff so that it depended on the ultraviolet cutoff.
This was crucial to obtain a nontrivial solution σ 6= 0. Such infrared regularization has
been used in several works [21, 22], but in these works its physical meaning is obscure
and its necessity is not discussed. Thus we explain the physical meaning of our infrared
regularization method in detail.
To this end, we must remember that the light-cone formalism suffers from a loss of
mass information from the Green’s functions [23]. This is a common problem in LC field
theories, and our infrared regularization is understood as one of the prescriptions for
obtaining a correct result even in the LC field theories. The mean field approximation
taught us that the divergent integral in effect came from 〈0|ψ¯ψ|0〉. Let us show in
the very elementary case, the free massive fermion, that we must include the mass
information to obtain a correct result.
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In the equal-time formulation, the term causing the divergence is simply given by
〈0|ψ¯(x)ψ(y)|0〉 = −TrSF (y − x) , (55)
SF (x) =
∫
d2k
i(2π)2
e−ikx
m− k/− iǫ , (56)
where the trace is for the color and spinor indices. There is a logarithmic divergence
here, and we need a cutoff to regulate it. So we introduce the cutoff function F (k,Λ):
〈0|ψ¯(x)ψ(x)|0〉 = 2Nm
∫
d2k
i(2π)2
1
m2 − k2 − iǫF (k,Λ). (57)
If we evaluate this in Euclidean space and use the covariant cutoff F (k,Λ) = θ(Λ2−k2E),
we obtain
〈0|ψ¯ψ|0〉 = −N
2π
m ln
Λ2 +m2
m2
. (58)
Next let us evaluate Eq. (57) in light-cone variables. This is achieved simply by changing
variables. The k− integration can be easily performed as
〈0|ψ¯(x)ψ(x)|0〉 = 2N m
∫ d2k
i(2π)2
1
m2 − k2 − iǫF (k,Λ)
= −2Nm
∫ dk+dk−
2i(2π)2
F (k,Λ)
k+
(
k− − m2
k+
+ iǫ sgn(k+)
)
= −N
2π
m
∫ ∞
0
dk+
k+
F (k− = m2/k+, k+,Λ). (59)
This calculation instructs us that if we use light-cone variables, the mass-dependence
enters the integration only through the cutoff functions. On the other hand, as we saw3
in the mean field calculation, the LC quantization gives
〈0|ψ¯(x)ψ(x)|0〉 = −N
2π
m
∫ ∞
0
dk+
k+
. (60)
Apparently we do not have any mass dependence in the integration. Comparing this
with the result of the equal-time quantization Eq. (59), it is evident that we cannot
3 After the mean field approximation, the model became that of a free massive fermion.
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obtain the correct result even in the free theory unless we include any mass information
into the integration as the regularization.
The loss of mass information in the two-point function has already been pointed out
by Nakanishi and Yamawaki as the most fundamental problem of the light-front field
theories [23]. In the scalar theory, they compared the two point function derived from
the general argument of the equal-time formulation and that from the LC quantization.
From the spectrum representation, we obtain
〈0|φ(x+,x)φ(x+,y)|0〉 =
∫ ∞
0
dκ2ρ(κ2)∆(+)(0,x− y; κ2) , (61)
where ρ(κ2) is the spectral function and, ∆(+) is one of the invariant delta functions.
On the other hand, the conventional LC quantization leads to
〈0|φ(x+,x)φ(x+,y)|0〉 = Z−1
∫
dp+d2p⊥
(2π)3
θ(p+)
2p+
e−ip(x−y) , (62)
where Z−1 =
∫∞
0 dκ
2ρ(κ2). The discrepancy is quite clear. Namely, the result of the
LC quantization has no mass dependence. To remedy this, Nakanishi and Yamawaki
included the mass information as the regularization of the divergent integral. The
problem with which we have been faced in the (generalized) Gross-Neveu model is
essentially the same. The LC field theories always have this kind of problem, and we
must bear it in mind.
Now the meaning of our infrared regularization is clear. The inclusion of mass
information is necessary for the correct evaluation of 〈0|ψ¯ψ|0〉 , and our infrared regu-
larization gives one of prescription for this. As is evident from Eq. (59), if we choose
the same cutoff function as in the equal-time calculation, then the result will of course
become the same value [21]. However this choice seems very artificial because it de-
viates from the LC theories. If we did not know the cutoff method in the equal-time
formulation, we could not attain the correct evaluation.
It is also evident that we should consider the “inclusion of the mass information”
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and the “use of observed mass” separately. The loss of mass information is a common
problem in the LC field theories and it has nothing to do with the spontaneous sym-
metry breaking. The essential step to succeed in obtaining the nontrivial solution is to
use the observed mass σ in regularizing the integral.
In the next section, the case of the Gross-Neveu model (µ → ∞) is studied. We
calculate the light-cone Hamiltonian and discuss the constituent quark picture.
4 Constituent picture in the Gross-Neveu model
In the equal-time quantization, the vacuum structure of the theory with spontaneous
symmetry breaking is very complicated, and thus it is difficult to construct excited
states. On the other hand, in the discretized light-cone quantization, the vacuum is
quite simple, and the Fock space is easily obtained.
In this section, we calculate the light-cone Hamiltonian of the Gross-Neveu model
in the large N limit and discuss the constituent quark picture.
The lagrangian Eq. (2) is invariant under translation, and the total momentum P+
is conserved [14]:
P+ =
∫ L
−L
d(
1
2
x−)J++ =
1
2
∫ L
−L
dx−
[
2i
N∑
a=1
ψ¯aγ+∂−ψ
a + 4
N
µ2
∂−φ ∂−φ
]
=
1
2
∫ L
−L
dx−
[
4i
N∑
a=1
ψa†R ∂−ψ
a
R + 4
N
µ2
∂−ϕ ∂−ϕ
]
. (63)
Note that there is no zero-mode contribution here. From the mode expansion Eq. (30)
and Eq. (32), the normal ordered P+ is written as
P+ =
N∑
a=1
∞∑
n= 1
2
k+n ( b
a†
n b
a
n + d
a†
n d
a
n ) +
∞∑
n=1
k+n a
†
nan . (64)
Since we defined the lagrangian L by L ≡ (1/2) ∫ Ldx−, the (classical) total energy P−
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equals 2H , Eq. (25) [5],
P− = 2H =
∫ L
−L
dx−
[
N
2λ0
(φ20 + ϕ
2) + (φ0 + ϕ)
∑
a
ψa†R ψ
a
L
]
. (65)
As discussed in §3, we should prescribe the ordering of operators in the quantum total
energy P−. We take the following ordering in this paper:
P− =
∫ L
−L
dx−
N
2λ0
(φ20 + ϕ
2)
+
1
4 i
N∑
a=1
∫ L
−L
dx−
∫ L
−L
dy− ǫ(x− − y−)
×
[
1
2
{
φ20 ψ
a†
R (x
−)ψaR(y
−) + ψa†R (x
−)ψaR(y
−)φ20
}
+ φ0 ψ
a†
R (x
−)ψaR(y
−)ϕ(y−) + ϕ(x−) ψa†R (x
−)ψaR(y
−)φ0
+ ϕ(x−) ψa†R (x
−)ψaR(y
−)ϕ(y−)
]
. (66)
Here, Eq. (28) has been used.
Here let us show that the vacuum state |0〉 defined in §3 is an eigenstate of the
total energy P−, Eq. (66). In the 1 + 1 dimensional light-cone Yukawa theory with no
color (N = 1), it was shown by Pauli and Brodsky [14] that the Fock vacuum state |0〉
is an eigenstate of the light-cone Hamiltonian. The essential difference between their
Hamiltonian and ours Eq. (66) is the existence of the zero mode φ0. The zero-mode
operator φ0 does not change the momentum of states. Thus the state φ0|0〉 has zero
momentum. Since |0〉 is the only state which has zero momentum, φ0|0〉 must be a
c-number times |0〉. So we can write it as
φ0|0〉 = σ|0〉. (67)
In other words, the operator part of φ0 (φ0 = σ+ (φ0)oper) does not include terms such
as anam, bnbm or a
†
na
†
m, but it does contain at least one annihilation or one creation
operator, and therefore φ0|0〉 = σ|0〉 and 〈0|φ0 = 〈0|σ. From this equation, we find
that the vacuum state |0〉 is an eigenstate of P−, Eq. (66) . This character and the
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triviality of the vacuum state |0〉 are very important when we attempt to construct the
constituent quark picture.
From this point, let us consider the symmetry broken phase σ = 〈0|φ0|0〉 6= 0, and
the case of the Gross-Neveu model, which is obtained when we take the limit µ → ∞
as discussed in §2. In this case, the boson quantum a†n does not appear in the Fock
space, so we can ignore the boson term in Eq. (64):
P+ =
N∑
a=1
∞∑
n= 1
2
k+n ( b
a†
n b
a
n + d
a†
n d
a
n ) . (68)
Up to leading order in 1/N , the total energy P− is given by
P− =
∫ L
−L
dx−
N
2λ0
φ20
+
1
4 i
N∑
a=1
∫ L
−L
dx−
∫ L
−L
dy− ǫ(x− − y−)
×
[
1
2
{
φ20 ψ
a†
R (x
−)ψaR(y
−) + ψa†R (x
−)ψaR(y
−)φ20
}]
, (69)
because O(φ0) ∼ 1 and O(ϕ) ∼ 1/
√
N . From the mode expansion Eq. (32) ,
P−
2L
=
N
2λ0
φ20
+
1
2L

 1
2
φ20
N∑
a=1
∞∑
n= 1
2
1
k+n
( b a†n b
a
n − d and a†n ) + h.c.


=
N
2
φ20

 1
λ0
− 1
L
∞∑
n= 1
2
1
k+n


+
1
2L

 1
2
φ20
N∑
a=1
∞∑
n= 1
2
1
k+n
( b a†n b
a
n + d
a†
n d
a
n ) + h.c.


=
1
2L

 1
2
φ20
N∑
a=1
∞∑
n= 1
2
1
k+n
( b a†n b
a
n + d
a†
n d
a
n ) + h.c.

 , (70)
where Eq. (37) has been used in the last line. The zero mode φ0 is a nontrivial operator
solution of the zero-mode constraint.
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We can calculate the vacuum energies for both the broken phase (σ 6= 0) and the
symmetric phase (σ = 0). Unfortunately, the result becomes zero in both cases, and
we cannot judge which vacuum should be selected. One of the reasons for this will be
the peculiar situation in the Hamiltonian of the Gross-Neveu model. Since the classical
Hamiltonian becomes zero in the Gross-Neveu model, the vacuum energy is also zero.
This peculiarity might affect the above result even in the quantum level. Furthermore,
there is the possibility that a different operator ordering will resolve this problem. Here,
we do not go into this problem any further but treat only the broken phase.
From a viewpoint of the constituent quark picture, it is important to divide the
light-cone Hamiltonian into a nonperturbative part and a perturbative part so that the
nonperturbative part gives the kinetic term of the fermion with the “constituent mass”
[4]. This is simply realized by use of the nontrivial solution Eq. (50) of the zero-mode
constraint. P− (up to leading order in 1/N ) is then represented as
P− = P−nonpert + P
−
pert , (71)
where
P−nonpert =
N∑
a=1
∞∑
n= 1
2
(
σ2
k+n
)
( b a†n b
a
n + d
a†
n d
a
n ) ,
P−pert =
L
4π
N∑
a=1
∞∑
n= 1
2
{
(φ0)
2
oper + 2 σ (φ0)oper
}
×( 1
n
b a†n b
a
n +
1
n
d a†n d
a
n ) + h.c. (72)
The first term P−nonpert represents the free fermions with dynamically generated mass σ,
Eq. (50) ( “constituent mass” ), and the second term P−pert denotes an interaction term,
in which the operator part (φ0)oper is given by solving the zero-mode constraint Eq.
(29) . The excitation state b a†n |0〉 describes the fermion with mass σ and momentum
k+n = 2πn/L. Note that we cannot obtain the nonperturbative part P
−
nonpert explicitly
without solving the zero-mode constraint to leading order in 1/N .
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5 Conclusion
The (generalized) Gross-Neveu model was studied in order to see how spontaneous
symmetry breaking is realized in the framework of the discretized light-cone quantiza-
tion, and to examine the constituent quark picture of the model by use of the light-cone
Hamiltonian.
The light-cone theory is a constraint system, so there arises the constraint equation
involving the zero mode, according to the Dirac method. That constraint equation,
called the zero-mode constraint, determines the zero mode in terms of other oscillation
modes. We solved the zero-mode constraint to leading order in 1/N . In the constraint,
the summation of the light-cone momentum 1/k+n has an infrared divergence as well
as the ultraviolet divergence. In order to avoid this divergence, we have introduced
the damping factor f(k+) which involved the ultraviolet cutoff Λ′ and the observed
fermion mass σ. The proper treatment of the infrared divergence is important to obtain
a nonzero vacuum expectation value σ of the zero mode representing the spontaneous
discrete chiral symmetry breaking.
We have shown that the vacuum state |0〉 is an eigenstate of both the light-cone
momentum P+ and the light-cone Hamiltonian P− even in the case of spontaneous
symmetry breaking (the problem of operator ordering remains). These properties are
important when one constructs the constituent quark picture. Solving the zero-mode
constraint to leading order in 1/N , we can devide the light-cone Hamiltonian into two
parts. One is the kinetic term of the fermion with “constituent mass” σ, and the other
is the interaction term of fermions, whose explicit form will be given after we solve the
zero-mode constraint up to next leading order.
Finally, we hope that the study of the light-front Gross-Neveu model can be helpful
to understand the light-front QCD.
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